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H(x, u,Du) = 0 x ∈ Ω ⊂ Rd




+H(x, u(x), Du) = 0 x ∈ Rd, t > 0
u(x, 0) = u0(x).















































u ∈ C0(Ω) ªET]CEGR]kopgGÙcpgcpX`T]\jXQYEcpYRYEXgÀT]\jcpXcpXT]CGcpk@GXRYE|RGT
Ω ⊂ Rd ªR]Yg/C¢TVCoT
H(x, u,Du) = 0 x ∈ Ω ⊂ Rd
u = g x ∈ ∂Ω
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(x, s, p) ∈ Ω × R × Rd 7→ H(x, s, p) \_R YEXE\cp[VFiP¢gcpX`T]\jXQYEcpYR
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z∗(x) = lim inf
x→y
z(y).
Ecviijc \jXE B } CÎªEG"\X`T][VcSqSYgGLTVCEG"YEXg#T]\jcpX
G
G(x, s, p) =
{
H(x, s, p) x ∈ Ω









G∗(x, s, p) = G
∗(x, s, p) = H(x, s, p)
\
x ∈ Ω
G∗(x, s, p) = min(H(x, s, p), s− g(x))
\m
x ∈ ∂Ω
G∗(x, s, p) = max(H(x, s, p), s− g(x)) \m x ∈ ∂Ω
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\_RÙoQ\jRVg#c`R\TUPRYE|0>ÎR]cpijYST]\jcpX6ce  ~ J\moeXqcvXEijP\mUª<cv[
oeXQP
φ ∈ C1(Ω) ªE\m x0 ∈ Ω \jRJo.ijcSgopi)FoelS\F.YEFce u− φ ªST]CEGWX






\jRo"`\_RVg#cvR]\TUP.R]YEkGW[>ÆR]cpijYST]\jcpXce  ~ 8\«oeXqcvXEiP
\UªScp[fopX`P
φ ∈ C1(Ω) ªE\ x0 ∈ Ω \_R oicSgopi)F\XE\jF&YF*ce u− φ ªST]CEGWX
G∗(x0, u(x0), Dφ(x0)) ≥ 0.
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+H(x, u(x), Du) = 0 x ∈ Rd, t > 0















BUC(Rd × [0, T ])  CG[VG
T > 0




+H(x, u(x), Du) = 0 x ∈ Ω ⊂ Rd, t > 0
u(x, 0) = u0(x) x ∈ Ω




















ce  ~ RVoTV\jRP
∀x ∈ Ω, u(x) ≤ v(x) 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f?(p) = −(−f)?(p) = inf
y∈Rd
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H(x, u, p) = sup
v∈V









ªER]GG B } CÎ





























τ = inf{t ≥ 0, yx(t) 6∈ Ω}.
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u(x, t) = sup
p∈Rd
[







u(x, t) = inf
p∈Rd
[
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u0(x) = A+ p · x
ªEG"CopG
u(x, t) = u0(x) − tH(p).
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∀(x, t) ∈ Rd × [0, T ], ψ2(x, t) ≤ u(x, t) ≤ ψ1(x, t)
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(q) − tH(p− q)
)
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(q) − tH(q − p)
)
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Hi := H(Mi, uni , {uni }j∈Vi).
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s ∈ R ª
H(Mj , s, {vi}j∈Vi) = H(M, s, p).
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H(y, φ(y) + ξ, φ+ ξ) ≥ G∗(x, φ(x), Dφ(x)).
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H(Mi, s, {uj}j∈Vi) ≥ H(Mi, s, {vj}j∈Vi).
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HLF (Duh|Ω1 , · · · , Duh|Ωki ) =
∑
T3Mi
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u(x) = 1 6= 2  6ÆXceTVCEG[bgWopR]GWRWªpRVoP u(0) = u(1) = 0 ªpG CovG u(x) = |x−1/2|  CE\_g/CFoeTVg/CEG>R8RUTV[]cvXEpijP
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T ≥ τ fGWXg#Gvª
u(x) = min( inf
v∈V1
[· · · ] , inf
v∈V2






x ∈ Ω  NS\XgG T \_R!oe[V|E\T][/oe[VPpªb\T¢gopX|@Gg/CEc`RGWXopRR]FoeijifopRk@cvRVR\j|EijGp6ÆXT]CEGij\F\T
T → 0 ª<TVCEGRGT V1 cpYEi_q|@GT]CEGR]G#T"ceg#cpX`TV[]cvijRJcp[" CE\_g/C b(x, v) . ~n > 0 ª)\A GpTVCEGg#cvX`T][Vcpi`cp[8 CE\_g/C.T]CEGTV[VoedUGWgÀTVcp[VPpcQGWR\jX`T]c
Ω
BCGfqSPQXoeF\_goeiQkE[Vcpv[VopF\XELkE[V\Xg\kiG
infv∈V1 [· · · ]−u(x) = 0g#cv[][VGWR]k@cpXqERTVc.TVCEGJopF\iT]cvXE\jopX
Hb(x, t, p) = sup
v∈V1













T ≤ τ ª@oeXq\GgopXg/CEcQcvR]Gg#cvX`T][Vcpi_Rcv[  CE\_g/C




\jRJg#cpX`TV\XQYEcvYR  GRGWGLTVCoT  ~Wu gWoeX|@GoekEkE[VclS\FoeT]GWq«ªQoeTfo.|@cpYXqEoe[VP!k@cp\jX`TWªE|QP
0 = max(Hbi , u(x) − ϕ(x))







S(Mi, ui, {uj}j∈Vi) = 0 ∀i
A} 1 
 \T]C







max(Hb(x, s, {uj}j∈Vi), s− ϕ(x))
GWijR]Gp
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BCEGRVg/CEGFG  } 1    }ex gop||@GG#lQTVGXqSG>qT]c ceTVCEG[TUPQk@GWRcpÙ|@cpYEXqEoe[VP¡g#cvXqS\T]\jcpXRW BCEGW[]G\_R!oeX\FkEij\_g#\T
qSGWkGWXqSGXg#P cp S  \mTVC [VGWR]k@GWgÀTT]c h   G G#lQT]GWXq TVCEG qSG#XE\mTV\cvX ce S T]c oeXQP y ∈ Ω |QP R]oPQ\jXE TVCoT
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Hb ≤ H 
  H  Hb "%, "  /! $   
0$%   } 1  % !
 -"+ "! ;  8  
  -"% 	
φ ∈ C∞b (Ω)    /! "
 "%!
x ∈ Ω, lim
h→0,y→x,ξ→0
H(y, ϕ(y) + ξ, ϕ+ ξ) = H(x, ϕ(x), Dϕ(x)) A}pweo 
 %" !% 
  
 / ;"/!	   
∂Ω, lim
h→0,y→x,ξ→0
Hb(y, ϕ(y)+ξ, ϕ+ξ) = Hb(x, ϕ(x), Dϕ(x))
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GX`TcpTVCEG"kE[Vc`cp\_Rfog#cvX`vG[VpGWXg#GL[]G>RYEiT |QP 
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-$/0-$ ~p~IfXEcp[]T]YEXoeT]GWiPvªvTVCE\_R[VGWR]YEiTVR\_RXceTGXEcvYEpCTVc.vYoe[/oeX`TUPo  pcQcSq  g#cvXQpG[VpGWXg#GvBo9vGfT]CGÙGlEoeFkEijGLoTT]CG
|@Gp\jXEXE\jXEceT]CGRG>gÀT]\jcpXËªEo.[VGvYEi_oe[FGWR]C 
1/∆x = N + 1
#ªST]CEG%AÙcSqSYXEc¢RVg/CEGFGÙT]CoeTf[]G>qSYgGWRCEGW[]GÙT]c
Hi = H(ui−1, ui, ui+1) = max

























ª«oeXq6\mT\_RÙR]CEc X\X B ~>u CT]CoeT"T]CEGG[V[Vcp[
|@GCovGWRi\ 9pG
h−1/2
NQ\jF\i_oe[ GW[][Vcp[GWRT]\jFoTVGWR cp[ 4oe[]T]G>R\_oeXFGWR]CEGWR GW[]GÙcp|ETVoe\jXEG>q¢\jX B ~v~ CA
 , 1+- (#
Ifk¢T]c.XEcªSoeijiTVCEGLGlEoeFkEijGWRGLCopGfv\vGX¢op[]GLcpXEijP[/RUTcp[/qSG[opggYE[/oT]GÙR]g/CGFGWRWBCG[VGLoe[VGLR]GvG[/oeiEoPSR
g#cvXRT][VYgÀTV\XECE\jpCcp[/qSGW[RVg/CEGWFG>R
LXEGkc`R]R]\|iG g#cvXRUTV[]YgÀT]\jcpX \jRog#cpXRG>^vYGXgG6ce.T]CEGcpijijc \XE¡Áopg#TW*BCEG  
Du
 qSGk@GXqSGXgP \jX T]CG









T]CE\_R"[]GWFoe[9CopRÙoeij[]G>opqSP|@GGXYR]GWq\jX  }p}po Àª  }p}e| LopXq
 }v}eg  À LXEGgopXGlQkicv\mT TVCE\jRJ[]GWFoe[9@ªSovR \X B ~ C«cv[ G#lEoeFkEijGpª|`PFcQqE\mPQ\jXET]CEGGWoeijYoTV\cvXcpTVCEGp[/opqE\GWXvT/R
\jXTVCEGT][V\_oeXEviG>R 6ÆXRT]G>opqce"i\jXEGWop[\X`TVG[VkcvijopXvT>ªcvXEGgopXYR]GCE\jpCEGW[!qSGv[]GWGk@cpijPQXEcpF\_oei_R.T]CopX09SRT]cyT]CG
 H    H  FG#TVCEcSqScpijcpvPpª B t ª ~} ª ~ 1 CA
h ceTVCEG[ R]cpijYST]\jcpX\jRTVCEGzJ\_RVg#cpX`TV\XQYEcvYRA"oeijG[9Q\XRUTV[VoeT]GvP B ~Wx ª ~>w ª ~Wt CÎ  GqScXEcpTfqSG#T/oe\ji<T]CE\_RT]G>g/CEXE\_^`YEG
CEGW[]Gv
h i_opRTfFG#T]CcQq\_RJo|iGWXqS\jXE¢RT][/oT]GWpPvª B ~ CÎBCEG&\jqSG>o\_RT]c!|iGWXqoic cp[/qSGW[WªEFcvXEceTVcpXEGLoeF\iT]cvXE\_oeX
 HM  \T]Co&CE\jpCcp[/qSG[JopF\jiT]cpX\jopX gcpXR]\_RUTVGX`TLoeF\iT]cvXE\_oeX  HH À 
PCE\jpC¢cv[VqEG[GÙFG>oeX¢T]CoeT\ u \_RoRFcQceTVCR]cpijYSTV\cvXcp  ~ ÀªET]CEGWX






















  GCopGLT]CEGR]\FkEijGijGFFo. C\jg/CkE[VcQceË\_R \jFFG>qS\joeT]Gvª
¤  ¡    HM   HH "$+#"  ! ;0$+
 $+, !  H 8*'   !  }`  
 $  ;"! ;0$+
 $+, ! 
BCEGdUYRT]\goeT]\jcpXce  } gcpFGWR[VcpF TVCEGR]\FkEijG[]GWijoeT]\jcpX
H(Mi, ui, {uj}j∈Vi) =
(
`i + (1 − `i)ri
)
HM (Mi, ui{uj}j∈Vi) + ε(h)
A} 
[VcpF  CE\_g/C«ªQYR]\XEcpXg#GÙFcv[]GJT]CEGÙTVGWg/CEXE\_^`YEGÙce«TVCEGg#cpXQvG[VpGXg#Gf[VGWR]YEiTce B  CAªScvXEGÙgWoeXRCEc cv[T]CEG"R]g/CGFG
 } 1  >  }x  CEGW[]G H \jRfp\jpGX|QP  }v TVCEG"cpijic \jXE[]G>RYimT
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  HM  HH   Hb 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Hb ≤ H 
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 $  +$
r =
HH(x, uh(x), uh)
HM (x, uh(x), uh)
, `(x) + (1 − `(x))r ≥ ε′(h)
 /0  /0 !" , ;$ ε(h) " ε′(h) $ "#
 $ +$ ε′(h)−1ε(h) = o(1) 
   	 /!-5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0 ≤ r ≤ β
min(1, α+(r − β))
Gi_R]Gp






gopX|@G"cpYXq\X B ~ CÎ
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6ÎT \jRXceTfqS\gYEiTTVcg#cpXRUTV[]Yg#TXQYEFGW[]\_gopi<LoeF\jimTVcpXE\_oeXRTVCoT cp[9cpXpGXG[/oei@XEcpXg#cvXScp[VFoei@FG>RCGWRWbBCEG
cpXiP 9vGP k@cp\jXvT\_R.T]c g#cvXRUTV[]YgÀT " "' JopF\iT]cvXE\jopXRW¡BCEGg#cpXQvG[VpGXg#G![VGWR]YEiTVRce B  C opXqBCEGcv[]GWF
} gWoeX G>opR]\ijP |GopqEopkST]G>q L!og#ijcvR]G¢\jXR]kG>gÀTV\cvX ce TVCEG¢kE[VcQceJR]CEcfRTVCoT.T]CEGRT][VYgÀTVYE[]G¢ce T]CGFGWR]C kEi_oPSR













4cpXR\_qSG[ \jpYE[VG }  BCEGXEGW\vCQ|cv[VRce
Mi
oe[VG {Pi}i=1,··· ,8 ª[VcpF  CE\jg/CGgcpXRT][VYg#ToÙijcQgWoei`T][V\_oeXEvYEijoeT]\jcpXÁqEceTTVGWq6i\jXEGWR TVCoTÙ\jRLYR]GWqTVcqSGXEGokE\jGWg#G ` \_RG&i\jXEGWop[J\jX`T]G[Vk@cpi_oeX`TW 6ÎTÙqScQGWRLXEcpTLXEGWGWqTVc!|Gg#cvX`T]\jX`YcpYRW
BCEGWXGgWoeXYR]GcpYE[fLoeF\jimTVcpXE\_oeXR T]c¢qSGXEG&RVg/CEGWFG>RT]CoeTLoe[VGg#ijGWop[]ijP¢gcpXR]\jRTVopX`TWªEFcpXceT]cvXEGpBCEGTV[]\_g;9QP
kop[T\_R"T]CEG!g/Ccp\_g#GceT]CEG!XG\jpCQ|cv[VRW \vYE[]G } R]CEcfRoeXyG#lQT][VGFGgovRGv!h kE[Vcp|op|EiP|@G#T]T]GW[&g/CEcp\_g#GcpYEi_q
























t 7→ t3 \_R FcpXEcpT]cpXG\Xg[]G>opR]\Xª u \_RJR]cpijYSTV\cvXcp  1 ~ \mbopXqcpXEijP¢\\Tf\jR oR]cpijYST]\jcpXce


















































           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           
           













6ÆX¡cv[VqEG[.T]c qS\jRVg#[VG#TV\WG  1 ~ #ªbG [V\mTVG
H = H1 + H2
 \mTVC
H1(p) = max(|p|| − 1, 0
)3 opXq
H2(p) =
min(||p|| − 1, 0
)3 BCEG>RG.YEXg#T]\jcpXR"oe[VG&[VGWR]k@GWgÀTV\vGijPg#cpXQvG#loeXqg#cpXgopGvLBCEGXQYEFG[V\jgWoeiJopF\jiT]cpX\jopX6\_R
T]CG Ëoel []\jGWqE[]\_g/C	 RoeXqT]CEGL|cvYEXqEop[]PJopF\iT]cvXE\jopX!\_RAÙcSqSYEXEc  RBCEGLX`YFGW[]\_gopiR]cpijYST]\jcpX¢\jRqS\jR]kEi_oPpG>qcpX
\vYE[VG x > Áo#JBCEG&R]cpijYSTV\cvXce  1 }   \T]CT]CEGAÙcQqEYEXEcJoeF\jimTVcpXE\_oeX\_RLkE[]cQ\_qSGWqcvX \jpY[]G x > Á| ÀLh g#ijcvR]G


















u(x, y) = 0 (x, y) ∈ Γ1,














CEcGvG[T]CoeTbT]CGP&CopG|GWGXXQYEFG[V\_goeijijP  ;"! \Fk@cvR]GWqcpX Γ1 oeXq Γ2 8BCEGfRcviYET]\jcpX\jRoei_Rc"\jXvG[VPpcQcSqoev[]GWGFGX`T \mTVCT]CEGcvXEG"cp|ST/oe\jXEGWq[VcpF TVCEGqS\_R]g[]GT]\ WoTV\cvX¢cp
||Dv|| − 1 = 0 cpX Ω,
v(x, y) = 0 (x, y) ∈ Γ1,
v(x, y) = 3 cos(2πx) (x, y) ∈ Γ2.
 1 x 
 CE\jg/C\_RfqS\_RkEi_oPpG>q!cvX \jpYE[VG w > | #
 G¢oei_RcR]CEc CEc T]CG!CE\jpC cv[VqSGW[G#lQTVGXR]\cvX ceJR]GWgÀTV\cvX t cp[9QR" CGX TVCEG AÙcSqSYEXEc R]cpijpG[& \mTVC






R]\F\jijop[&TVcT]CG¢[/RTcv[VqSGW[&cvXEGp.6ÆX TVCEGR]FcQceT]C¡koe[]T.cpfT]CEGR]cpijYST]\jcpX«ªTVCEGRG>g#cpXq cp[/qSG[oeXq T]CEG|EijGXqSG>q
RVg/CEGFG"oe[VGLvG[VPR]\jF\ji_oe[ÚTVCEG"[]G>RYEiTVR|QPT]CGÙ|iGWXqSGWqRVg/CEGFGÙ\jR R]i\jpC`TViPFcp[VGLqE\jRVR\jkoeT]\jpGLT]CopX¢TVCEcvR]GLcp«T]CG
R]GWg#cvXqcp[/qSG[YEXEij\jF\T]G>qR]g/CGFG#
BCEGi_opRT \vYE[VGRCEc T]CoeTJcpY[f\FkEijGFGWXvT/oTV\cvXceT]CEG&|cvYEXqEop[]Pg#cpXqS\mTV\cvXR \_R G-?<GWg#T]\jpGv6ÎbG\Fk@cvR]G
RT][VcpXEviP TVCEG|@cpYEXqEoe[VPgcpXqS\T]\jcpXRªopR\jX \vYE[VG   °oBCE\_RCovRT]c |@G6gcpFkoe[VGWq \T]C \jpYE[VG w  BCEG
\vYE[VG  RCEc T]CoTfTVCEG[VG\jRLoRUTV[]cvXE|@cpYEXqoe[VP!ijoPvG[ cvXkoe[]TVR cpTVCEGcvYST]GW[f|cvYEXqEop[]P  CEGW[]G"TVCEG\_Rcvi\jXEG>R
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